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THREE DIMENSIONAL GEOMETRY

Coordinate or a point In space

O There are infinite number of points in space. We want to identify each and every point of space with the help of
O three mutually perpendicular coordinate axes OX, OY and OZ.
o» Three mutually perpendicular lines OX, OY, OZ are considered as the three axes.

®© The plane formed with the help of x and y axes is called x-y plane, similarly y & z axes form y-z plane and z and &
x axes form z - x plane. “-'
%) Consider any point P in the space, Drop a perpendicular from that point to x -y plane, then the algebraic length N

~3, of this perpendicular is considered as z-coordinate and from foot of the perpendicular drop perpendicularsto x o

uh

and y axes. These algebraic lengths of perpendiculars are considered as y and x coordinates respectively. %
y Q
2 P( 1 y1v Z1)
Y,
-~ X
O 4
X1

z
1. Vector representation of a point in space
If coordinate of a point P in space is (x, y, z) then the position vector of the point P with respect to the

same originis x| +y] + zk.
2. Distance formula Distance between any two points (x,, y,, z,) and (x,, y,, z,) is given as

\/(X1 —X2)2 +(Y4 —Y2)2 +(24 —22)2
Vector method We'know that if position vector of two points Aiand B-are'given asOA and OB then
= 0B - OA|
= AB = [(X,i + Y, ]+ zK) — (x,i + y,j+ z,k)| =AB = \/(xz —x1)2 +(Y» —y1)2 +(z, —21)2

Distance of a point P from coordinate axes
Let'PA, PB and PC are distances of the point P(x, y, z) from.the coordinate axes OX, OY and OZ
respectively then

PA=yy?+2% , PB =vz24+x? , PC = yx°+y*

Example : Show that the points (0, 7, 10), (=1, 6, 6) and (— 4, 9, 6) form a right angled isosceles triangle.

w

Solution: Let. A=(0,7, 10),B=(-1,6,6),C=(-49,6)
ABZ = (0 )2+ (7 —6)2+ (10 — 6)2=18 AB =342
Similarly = BC=3,2,
& AC=6
Clearly AB? +BC? = AC? .. ZABC=90°
Also AB = BC

Hence AABC is right angled isosceles.

Example : Show by using distance formula that the points (4, 5, —5), (0, —11, 3) and (2, -3, —1) are collinear.
Solution Let A=(4,5,-5),B= (0 -11, 3) C=(2,-3,-1).

AB = (4-02+(5+11)2 + = /336 = /4x84 =284
BC = \/(0-2)2+(-11+3)2+(3+1)2 =84  AC=(4-22+(5+3)2+(-5+1)2 =+/84
BC + AC = AB

Hence points A, B, C are collinear and C lies between A and B.

Example : Find the locus of a point which moves such that the sum of its distances from points A(0, 0, — o)
and B(0, 0, a) is constant.

Solution. Let the variable point whose locus is required be P(x, y, z)
Given PA + PB = constant = 2a (say)
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\/(x—0)2+(y—0)2 (z+a)? +\/x 0)2 —0)2+(z-a)? =2a
= = =Za—\/x +y? +(z-a)?
= X2+ Y2+ 22+ 02+ 2zou =482 + X2+ Y2 + 22 + 02 — 2z0. —4a \/x2+y2+(z—(x)2
= 4za— 422 = —4a \[x2 +y2 + (z - 0)?
2?02
= +a2—-2zo=x2+ Y%+ 2% + 02 — 2zo



a? 2

x2+y? z
or, X2 +y2 4 z2 1_¥ =a’—-o? or, +— =1 Thisisthe required locus.

a®-a® a

Self practice problems :
1. One of the vertices of a cuboid is (1, 2, 3) and the edges from this vertex are along the +ve x-axis,
+ve y-axis and +z axis respectively and are of length 2, 3, 2 respectively find out the vertices.
Ans. (1,2,5),(3,2,5),(3,2,3),(1,-1,3),(1,-1,5),(3,-1,5), (3,-1, 3).
2. Show that the points (0, 4, 1), (2, 3, —1), (4, 5, 0) and (2, 6, 2) are the vertices of a square. =
3. Find the locus of point P if AP?2— BP? = 18, where A=(1,2,-3)and B=(3,-2, 1) i
Ans. 2x -4y +4z-9=0 (S)
4. Section Formula )
If point P divides the distance between the points A (x,, y,, z,) and B (x,, y,, z,) in the ratio of m : n, then g
coordinates of P are given as o
MX, +NXy My, +Ny; Mz, +Nnz4 A P B
m+n ~ m+n _ m+n mh
Note :- Mid point
X1+ Xo YitYo 2412, 1d
2 2 2 A P B
5. Centroid of a triangle
AX,,Y1,2,)

G

X1+Xo+Xg Yi+Yo+Ys Zi+2Z5+25
3 ’ 3 ’ 3
B(X.Y.z)  C(XsY5,25)
axy +bx, +cxz ay; +by, +ey; az, +bz, +cz,
a+b+c ' a+b+c ' ‘a+b+c

6. Incentre of triangle ABC: (

WhereAB=c,BC=a,CA=b
7. Centroid of a tetrahedronA(x,y, z)B(x,y,z,) C(x, v, 2z) and D(x,, y,, z,) are the
verticesof a tetrahedron then coordinate of.its centroid (G) is given as

Z4Xi ’%Yi ’Z:i

Example : Show that the points'/A(2, 3, 4), B(—1,2, —-3) and C(—4, 1, —=10) are collinear. Also find the ratio in
which C divides AB.
Solution: GivenA=(2,3,4),B=(-1,2,-3),C=(—4,1,-10).

A(2, 3, 4) B (-1,2,-3)
Let C divide/AB internally in the ratio k : 1, then

-k+2 2k+3 —-3k+4
K+1 ' k+1’ k+1

Kk +2
K+1

=—4 = 3k=-6= k=-2
-3k +4

For this value of k, 2k—+ =1, and =-10
K+1

+
Since k < 0, therefore k divides AB externally in the ratio 2 : 1 and point%&—,’aﬁ’ §)are collinear.

Example : The vertices of a triangle are A(5, 4, 6), B(1, -1, 3) and C(4, 3, 2). Th&lnternal bisector of ZBAC
meets BC in D. Find AD.

Suhag R. Kariya (S. R. K. Sir), Bhopal Phone : 0903 903 7779, 098930 58881.

D divides BC internally in the ratio 5 : 3
[5x4+3x1 5x3 +3(-1) 5><2+3x3] (é
= or, D= g’

wn

H c
Solution AB = /42 152 32 _5,2 g
AC = 12 412 442 =342 y
Since AD is the internal bisector of £ BAC 3
BD_AB_5 &

DC AC 3 o

o

~

[}

|_

543 ~ 5+3 ' 543

- -5 (-5 o-2]
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Self practice problems:

o

71530

= unit
8

Example :

If the points P, Q, R, Sare (4,7,8), (-1,-2,1), (2, 3,4) and (1, 2, 5) respectively, show that PQ and
RS intersect. Also find the point of intersection.

Solution

Let the lines PQ and RS intersect at point A.
Let Adivide PQ in the ratioA : 1, then

_ (—k+4 —2A+7 k+8]

A+1 7 A+l T A+
Let Adivide RS in the ratio k : 1, then

(k+2 2k +3 5k+4j

page 4 of 77

kel k1 ket ) oo (2) R(2, 3, 4) Q-1,-2, 1)
From (1) and (2), we have,
A+4 k+2 3
A+t k+t T (3)
—2h+7  2k+3 4
A+1 k+t (4)
A+8 5k+4 5
A+1 k+t " (5)
From (3), -Ak—A+4k+4=Ak+2L + K + 2
or 20k + 3\ -3k-2=0 L (6)
From (4), 2 Ak=2X+ 7K + 7 = 2Ak + 3\ + 2k +3
or 4)\k + 5A—-5k-4=0 L. (7)

Multiplying equation (6) by 2, and subtracting from equation (7), we get
-A+k=0 or, A=k

Putting X = k in equation (6) we get
202+ 3L-3L-2=0

or, A=+1.

But A # -1, as the co-ordinates of P.would then be underfined and in this case
7F:Q [ RS which is not true.

Clearly Ak=1 sat|sf|es eqn. (5).

Hence our. assumption is correct

-1+4 -2+7 1+8 3509
A R A2 (5aea)

Find the ratio in which xy plane divides the line joining the points A (1, 2, 3) and B (2, 3, 6).

Ans. —-1:2

Find the co-ordinates of the foot of perpendicular drawn from the point A(1, 2, 1) to the line joining the
point B(1, 4, 6) and C(5, 4, 4).

Ans. (3,4,5)

8
Two vertices of a triangle are (4, —6, 3) and (2, -2, 1) and its centroid is (—,— 1 2) . Find the third vertex.

3
Ans. (2,5, 2)

If centroid of the tetrahedron OABC, where co-ordinates of A, B, C are (a, 2, 3), (1, b, 2) and (2, 1, ¢)
respectively be (1, 2, 3), then find the distance of point (a, b, ¢) from the origin.

Ans. /107
1
Show that (_E’ 2, Oj is the circumcentre of the triangle whose verticesare A(1,1,0),B (1,2, 1) and
C (-2, 2,-1) and hence find its orthocentre. Ans. (1,11,0) 2
Direction Cosines And Direction Ratios
(i) Direction cosines: Let o, B, y be the angles which a directed

line makes with the positive directions of the axes of x, y and
z respectively, then cos o, cosP, cos Y are called the direction
cosines of the line. The direction cosines are usually denoted

Teko Classes, Maths : Suhag R. Kariya (S. R. K. Sir), Bhopal Phone : 0 903 903 7779, 098930 58881.

by (¢, m, n).
Thus ¢ = cos &, m = cos 3, n = cos 7.
(ii) If /, m, n be the direction cosines of a line, then 2+ m? + n2 =1

(i) Direction ratios: Let a, b, ¢ be proportional to the direction cosines ¢/, m, nthen a, b, ¢ are
called the direction ratios.

If &, b, ¢, are the direction ratios of any line L then aj +bj+ck will be a vector parallel to the line L.



If ¢, m, n are direction cosines of line L then 7 + m] +nk is a unit vector parallel to the line L.

(iv) If £, m, n be the direction cosines and a, b, ¢ be the direction ratios of a vector, then
a b c
! = ,m = ’n =
Va2 +b2 +¢2 Va2 +b2 +c2 Va2 +b? +¢2
-a b —C
or = , m= ,n=
va? +b? +¢? va? +b? +¢? va? +b? +¢?
(V) If OP =1, when O is the origin and the direction cosines of OP are ¢, m, n then the coordinates
of P are (¢r, mr, nr).
If direction cosines of the Iine A B are E, m,n, |AB| = I’, and the COOI’dinateS Of A iS (X1, y1, 21)
then the coordinates of B is given as (x, + r/, y, + rm, z, + rn)
(vi) If the coordinates P and Q are (x,, y,, z,) and (x,, y,, z,) then the direction ratios of line PQ are,
Xy, —X
a=x,—x,b=y,—y &c=z,—z andthe direction cosines of line PQ are /= IZPQII ,
m = Yo=Y and n = 277
T IPQI ~ IPQI

(vii) Direction cosines of axes: Since the positive x—axis makes angles 09, 902, 90° with axes of x,
y and z respectively. Therefore
Direction cosines of x—axis are (1, 0, 0)
Direction cosines of y—axis are (0, 1, 0)
Direction cosines of z—axis are (0, 0, 1)
Example : If a line makes angles a, B, ywith the co-ordinate axes, prove that sin®a + sin?f + siny? = 2.
Solution Since aline-makes angles a, B, y with the'co-ordinate axes,
hence cosa, cosp, cosy are its direction cosines
cos?a + cos?p + cos?y = 1

= (1 =sin?a) +(1 = sin2B) + (1 —sin?y) =1
= sin®o. + sin?p +:sin%y = 2.
Example : Find the direction cosines ¢, m, n of a line which are connected by the relations / + m + n =0,
2mn +2m/—nf =0
Solution Given,/+m+n=0 L (1)
2mn+2m/i-nl =0 < L. (2)
From (1), n=— (£ + m).

Putting n'= — (¢ + m) in equation (2), we get;

-2m(Z +m) + 2m/ + (4+m) £ =0
or, -2m/—-2m? +2ml + *+ ml =0
or, P+ml-2m2=0

AN
or (E) +(EJ —-2=0 “[dividingby m?

0 =1£41+8 —-1£3
or —= = =1,-2
m 2 2
!
Case I. when e 1:Inthiscasem="/
From (1),2(+n=0 = =-2/
/f-m:n=1:1:-2
Direction ratios of the lineare 1,1, -2
Direction cosines are
1 1 -2
t , £ i
V12 +12 +(-2)2 \/12+12 (22 P+ (-2)°
1 1 2 1 2
or,

PR R R R

/
Case II. When E =—2:Inthiscase / =—2m
From (1),-2m+m+n=0 = n=m
/fm:n=—-2m:m:m
=—2:1:1
Direction ratios of the lineare — 2, 1, 1.
Direction cosines are
-2 -1 —1 -2 1 1

y T Te———— or, —_— —, —.
N [ (R V6 Jo V6

Self practice problems:
1. Find the direction cosine of a line lying in the xy plane and making angle 30°with x-axis.

FREE Download Study Package from website: www.TekoClasses.com & www.MathsBySuhag.com
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Ans. m=+% (= ,n=0

V3
2

1
2 b

A line makes an angle of 60° with each of x and y axes, find the angle which this line makes with

z-axis. Ans. 45°

A plane intersects the co-ordinates axes at point A(a, 0, 0),

B(0, b, 0), C(0, 0, c) Ois origin. Find the

direction ratio of the line joining the vertex B to the centroid of face AOC.

a

Ans. =, -b,
ns. ,—,3

A line makes angles a, B, v, 6 with the four diagonals of a cube, prove that

cos?a + cos?P + cos?y + c0s2d = 3
Angle Between Two Line Segments
If two lines have direction ratios a,, b,, ¢, and a,, b,,

parallel tothellnesasa|+bJ+ckanda|+bZJ+cf<

a;a, +bb, +cc,

respectively then we can consider two vectors
and angle between them can be given as.

1 -1 1 -1 1

FEE ™ ERE

We take any two diagonals, say OE and AD
Let 6 be the acute angle between them, then

=
o
Q
(@]
©
e
>
N
>
(8]
9]
e
-
(4]
=
cos O = :
JaZ+b2 +cZyJal +b2 +c2
b C
o (i)The line will be perpendicular if a,a, + b,b, + ¢,c, = 0 (ii)The lines will be parallel if 21 b—l =L
3.2 2 CZ
g (iii) Two parallel lines have same direction cosines i.e. €1 = €2, m,=m,,n =n,
o
«» Example : What is the angle between the lines whose direction cosines are —%%—g—é%g ?
8 Solution Let 6 be the required angle, then
7)) cosb =/(./0,+mm,+nn,
(4]
&) AR (1), (BB
o) = 4 4 4 )4 2 )12
S 343 1 A
= 16 16 4 2 = vV
Example : Find the angle betweenany two diagonals of a cube.
Solution The cube has four diagonals
Y
I G(0;.a,0) F(a, a, 0)
=
(7p]
0
D E
= D (a, a,a)
= (0, a, a)
(@]
S
o O A X
()
> (0,0,0) (a, 0, 0)
X
3 C(0, 0, a) B(a, 0, a)
o
> OE, AD, CF and GB
© The direction ratios of OE are
2 a,a,a or, 1,1,1
2 s direction cos 11t
-8 its direction cosines are \/— 3 /3
o Direction ratios of AD are — a, a, a. or, -1,1, 1.
c -1 1 1
its direction cosines are
= FEARERER
0O Similarly, d|rect|on cosines of CF and GB respectively are
L
L
o
L

1
3

or,

1
= | —
0 = cos [3]

Teko Classes, Maths : Suhag R. Kariya (S. R. K. Sir), Bhopal Phone : 0 903 903 7779, 098930 58881.
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Example : If two pairs of opposite edges of a tetrahedron are mutually perpendicular, show that the third pair
will also be mutually perpendicular.
Solution: Let OABC be the tetrahedron where O is the origin and co-ordinates of A, B, C be (x,, y,, z,),

(Xp Y0 Z,), (X5, ¥y, X,) respectively.

A (XH y1! Z1)
0 (0,0, 0) =~
S
S
~
B C )
(Xes Yar 22) (X5 ¥s» Z5) 9
let OALBC and OB LCA. o
We have to prove that
OC LBA.
Now, direction ratios of OAare x, - 0,y, -0,z -0 or, Xx,y,,Z
direction ratios of BC are (Xg—x ) (Ys—VY,), (2,—2,).
OA LBC.
s X (X = x) +y (Y, —Y,) +2,(2,-2,)=0 L (1)
Similarly,
OB J_ CA
X, (X, = X,) + Y,(y, — y3)+z(z z)=0 . (2)

Addmg equahons (1) and (2), we get
X3(X ) + y3(y1 y2) + 23(21 - 22) = 0
- OC LBA [ direction ratios of OC are x,, y,, z, and that of BA are (x, —x,), (Y, —Y,), (2, —2,)]
Self practice problems:
1. Find the angle between the lines whose direction cosines are givenby ¢/ + m + n = 0.and

2+m2-n2=0 Ans. 60°
2. P (6, 3, 2)
Q (5, 1,4)
R (3, 3,5)
are vertices of a Afind £Q. Ans: . 90°
3. Show that the direction cosines of a line which is perpendicular tothe lines having directions cosines
¢, m n.and/, m n, respectively are proportional to
m.n, n, l,—nyl,, Lm,—¢,m,
Pro;ectlon of a line segment on a line
(i) If the coordinates P and Qare (x,, y,, z,) and(x,, Y,, Z,) then the projection of the line segments
PQ on a line having direction cosines = /;ym, n is | U(Xy —xp)+m(y, —y,)+n(z, —zl)|
. o « - . d.b
(i) Vector form: projectionof a vectora on anothervectorb isa.b = ™

. K. Sir), Bhopal Phone : 0 903 903 7779, 098930 58881.

Inthe above case we can consider P_Q> as (x,— x1)? +(y,— y1)] +(z,— 21)|2 in place ofa and ’I

R n R - - w
£i +mj+nkinplace ofb. (iii) 01|, m|z|&n|F|arethe projection of 7 in OX, OY & ?g
R A . >
OZ axes. (iv) T =|T|({i+m]+nk) T
Solved Example : Find the projection of the line joining (1, 2, 3) and (-1, 4, 2) on the line having direction X
ratios 2, 3, — 6. o
Solution Let A=(1,2,3),B=(-1,4,2) o
B ©
90° 902 2
o , . P L M Q g
Direction ratios of the given line PQare 2, 3, -6 ;
224+3%24+(-6)2 =7 .. direction cosines of PQ are §
23 8 k<
3 3 7 O
Projection of AB on PQ 2
=l (X,=X,)+m(y,-y,)+n(z,—-2) |9
2 3 6 -4+6+6 8
=7(—1—1)+7(4—2)—7(2—3) =— =3

FREE Download Study Package from website: www.TekoClasses.com & www.MathsBySuhag.com
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elf practice problems:
A(,3,2),B(,1,1,),C(3,-1,3)D (0, 2,5)
Find the projection of line segment AB on CD line. Ans. 5/7
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Note:

The projections of a directed line segment on co-ordinate axes are — 2, 3, — 6. Find its length and

direction cosines. Ans. 13

(124 3
137137 13

Find the projection of the line segment joining (2, — 1, 3) and (4, 2, 5) on a line which makes equal

acute angles with co-ordinate axes. Ans. \/—

If line joining any two points on a surface lies completely on it then the surface is a plane.
OR

If line joining any two points on a surface is perpendicular to some fixed straight line. Then this surface
is called a plane. This fixed line is called the normal to the plane.

7

3
A PLANE

page 8 of 77

Equation Of A Plane

()
(i)
(iii)

(iv)

(v)
(vi)
(a)
(b)
()

(d)
(e)

®)

(9)

(h)

Normal form of the equation of a plane is ¢x + my + nz = p, where, /,m n are the direction
cosines of the normal to the plane and p is the distance of the plane from the origin.

General form: ax + by + cz + d = 0 is the equation of a plane, where a, b, c are the
direction ratios of the normal to the plane.

The equation of a plane passing through the point (x,, y,, z,) is given by
a(x—x,)+b(y—y,) +c(z—2z)=0where a, b, c are the direction ratios of the normal

to the plane.

Plane through three points: The equation of the plane through three non—collinear points

X y z

1

RSER NS
(Xps Yis Z4) (Xps ¥ Z,)5 (X5, Y30 Z5) IS vy, 7 1 =0
1

X37Y3 Z3

X zZ
Intercept Form: The equation of a plane cutting intercept-a, b, ¢ on the axes is —+%+— =1
a c

Vectorform: The equation.of a plane passing through a point having position vector a' &
normal to vector nis (f — a)..=0o0rf.n =a. o

Vector equation of a plane'normal to unitvectory and at a distance d from the origin is
T.i=d

r-n

Coordinate planes (i) Equation-of yz—plane is x = 0 (i) Equation of xz—planeisy =0
(iii) Equation of xy—planeis z =0

Planes parallel to the axes:

If a = 0, the plane.is parallel to x—axis i.e. equation of ‘the plane parallel to the x—axis is
by + cz + d =.0. (
Similarly, equation of planes parallel to y—axis and parallel to z—axis are ax + cz +d =0
and ax + by +d =0 respectively.

Plane through origin: Equation of plane passing through origin is ax + by + cz = 0. -
Transformation of the equation of a plane to the normal form: To reduce any equation 4.
ax + by + cz — d = 0 to the normal form, first write the constant term on the right hand ©

side and make it positive, then divide each term by /32 4 2 + ¢2 , where a, b, c are
coefficients of x, y and z respectively e.g.

ax by cz d

+ + =
tVa?+b7 ¢ ta+bi e tal4biecd tVa4bi4c
Where (+) sign is to be taken if d > 0 and (—) sign is to be taken if d < 0.

Any plane parallel to the given plane ax + by + cz+d=0isax + by + cz + A = 0.
Distance between two parallel planes ax + by + cz +d, =0andax + by + cz+ d, =0 is

d,-d
given as iz ]
Va® +b? +c?
Equation of a plane passing through a given point & parallel to the given vectors:
The equation of a plane passing through a point having position vector 3 and parallel to

Bhopal Phone : 0 903 903 7779, 098930 58881.
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b &G isT = d+Ab + WC (parametric form) where A & |L are scalars.

Teko Classes, Maths : Suhag R. Kariy

or T.(bx¢c) =4a. (bx¢) (non parametric form)
A plane ax + by + cz + d = 0 divides the line segment joining (x,, y,, z,) and (X,, Y,, Z,). inthe
. ( ax1+by1+czl+dJ
ratio | —
ax, +by, +cz, +d




E
S
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X
Example : A point P moves on a plane g+—

Solution

xample :

(i) The xy—plane divides the line segment joining the points (x,, y,,

LI N A
— . Similarly yz—plane in — and zx—plane in —
Zy X2 2

)] Coplanarity of four points

z,) and (x,, ¥,, Z,) in the ratio

The points A(x,y,z,), B(x,Y,2,) C(x,y,2,) and D(x, y, z,) are coplaner then

Xo =Xy Yo—VYy 2024
X3=X1 ¥a=VY1 Z3=Z1| _
Xg=Xy Ya—VY1 Z4—Z4

very similar in vector method the points A (1;), B(r,), C(r;) and D(r,) are coplanar if

[ ~F Ty~ — 73] = 0

of this normal are 3, 2, 6.

Example : Find the equation of the plane upon which the length of normal from origin is 10 and direction ratios

If p be the length of perpendicular from origin to the plane and ¢, m, n be the direction cosines
of this normal, then its equation is

(X+my+nz=p L (1)
Here p = 10; Direction ratios of normal to the plane are 3, 2, 6

J3249024.62 =7 Direction cosines of normal to the required plane are

,_8 2 6
A A ¢

Putting the values of ¢, m, n, piin (1), equation of required plane is

3.2 6
7X+7y+—2 =10 or, 3x +2y+ 6z=70

Putting the-value of a, b, ¢, in (1);equation of required plane is

4kx — 3k(y + 1)+ 2kz =0
or, 4x -3y +2z-3=0 . (2)
Clearly point D (3, 3, 0) lies on plane (2)

7
Example : Show that the pomt (0, ,0) (2, ) (1 1, 1), (3, 3, 0) are coplanar:
Solution Let A=(0,-1,0),B E( ,1,-1), C (1 )andDE( , 3,-0)
Equation of'a plane through (0, - 0)
ax-0)+b(y+1)+c(z-0)=0
or, ax+by+cz+b=0 .l (1)
If plane (1) passes through B(2,1,—1)and C (1,1, 1)
Then 2a+2b-¢c=0 . W 0 (2)
and a+2b+c=0 /L (3)
From (2) and (3), we have
a b ¢
2+2 -1-2 4-2
a_ b ¢ K
or, 4 _3° 3% (say)

Thus points D lies on the plane passing through A, B, C and hence points A, B, C and D are coplanar.

Direction ratios of OP are a, B, yand direction ratios of OQ are X, Y 2
Since O, Q, P are collinear, we have

o B Y _,
X,y oz, = (say) L (1)
As P (a, B, v) lies on the plane /x + my + nz = p,

lo+mB+ny=p or K(x, + my, +nz,)=p ..... (2)

Given, OP . 0Q = p?
Vo +B2 42 X2 4yZ 422 = p
or,  JKE(xZ+yZ+z?) XE4yPazE =P

or, k(x2+y2+22) =p2 . (3)
Ondividing (2) by (3), we get,
(Xy+myy+nzy 1

x2+y2+22  p
or, p (X, +my, +nz)=Xx5+y?+2?
Hence the locus of point Q is
p (/X + my + nz) = x2 + y2 + z2,
y
b

If P be any point on the plane /x + my + nz = p and Q be a point on the line OP such that
OP . OQ = p?, show that the locus of the point Qis  p(/x + my + nz) = x% + y? + z2
olution LetP=(a, B, V), Q=(x,,Y,,2,)

z
+E = 1. A plane through P and perpendicular to OP meets the
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co-ordinate axes in A, B and C. If the planes through A, B and C parallel to the planes x = 0, y = 0,
z = 0 intersect in Q, find the locus of Q.

Solution Givenplane is
S i (1)
8 a b ¢
. Let P=(h, k, ¢)
% Th D+5+£ 1 2
% en_*y*:='" . (2)
(Q OP = h2 +k2 + (2
h k l
QUJ) Direction cosines of OP are ’ ’
= VR2 +k2+ 02 hZ+K2+ 2 yh? +K2 + 12
o Equation of the plane through P and normal to OP is
2. h X + k y + ! =+h? +k? + /2
% Vh? +k2 + (2 Vh2 +k2 4 02 Vh? +Kk2 4 12
or, hx + ky + (z = (h? + k? + ¢?)
2 2 2 h2 k2 2
o A;[%Jﬂ)j,gz(o,%’o)
£
e h? +k2 + ¢2
O C = (07 0; -
4 L
$ Let Q = (a, B, 7), then
2 oo h24 k2 + /2 b - h?+k2+02 _h?+Kk2 + /2 @)
C_YS = h s = k y = .
% \ P N h? +k%+¢2 1 A
f) ow a2 B2y (hZ+kZ442)? (h24K2ge3) L (4)
= h2 + k2 + (2
§ From (3), h = %
h h?+k?+ /2
a,  aaw
Q9 silarl Kk _ h®+K?+/* dﬁ_h2+k2+£2
g imilarly —bﬁ and —CY
h2+4k?+/2 h24k?+/2h24k?+/2 h k
o + + =—+—+—=1]f 2
= ao bp cy a b c [from (2)]
& 11 1 1 1
—t—t—=—— =+ —+—
e or, ao bB oy hZ+kZ+/2 of B2 42 [from (4)]
HCI_J Required locus of Q (a, B, y) is
= RS IV S S
2 ax y Cz X y Z
O Self practice problems :
D“_S 1. Check wether this point are coplanar if yes find the equation of plane containing them
A=(1,1,1)
> B=(0,-1,0)
O C=(2,1,-1)
2 D=(3,3,0) Ans. yes, 4x -3y +2z=3
o 2 Find the plane passing through point (— 3, — 3, 1) and perpendicular to the line joining the points
Ne) (2,6,1)and (1, 3, 0). Ans. x+3y+z+11=0
a 3 ind the equation of plane parallel to x + 5y —4z + 5 = 0 and cutting intercepts on the axes whose rum
o 3000
c is 150. Ans. x+5y—-4z-= 19
= 4, Find the equation of plane passing through (2, 2, 1) and (9, 3, 6) and perpendicular to the plane
8 X + 3y + 3z = 8. Ans. 3x+4y—5z=9
s Find the equation of the plane | | to i+ j+k and i—j and passing through (1, 1, 2).
Ans. x+y-2z+2=0
|5.|:J 6. Find the equation of the plane passing through the point (1, 1, — 1) and perpendicular to the planes
L X+2y+3z—-7=0and2x —3y + 4z = 0. Ans. 17x +2y -7z =26
12. Sides of a plane:

A plane divides the three dimensional space in two equal parts. Two points A (x, y, z,)
and B (x, y, z,) are on the same side of the plane ax + by + cz + d = 0 if ax, + by, + ¢z, + d and
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ax

+ by, + cz, + d are both positive or both negative and are opposite side of plane if both of these

vafues are in opposite sign.
Example : Show that the points (1, 2, 3) and (2, — 1, 4) lie on opposite sides of the plane x + 4y + z— 3 = 0.

= Solution Since the numbers 1+ 4 x2+3-3=9and2-4 + 4—3 =— 1 are of opposite sign., the points are
o on opposite sides of the plane.
O 13. A Plane & A Point
o) . , , . . ax'+by'+cz'+d
© (i) Distance of the point (x’, y’, z') from the plane ax + by + cz+ d = 0 is given by —/—————.
e [.2 2 2
S a“+b +c
U; (i) The length of the perpendicular from a point having position vectora toplane r.n =dis
% givenby p =$.
n
% (iii) The coordinates of the foot of perpendicular from the point (x, y, z) to the plane
S _ , X=Xy _ Y=Yy _ 72 __ (axq +by; +czy +d)
- ax + by + cz + d = 0 aregain by b c 22 1b2 12
(iv) To find image of a point w.r.t. a plane.
Let P (x,,y,, z,) isagiven point and ax + by + cz + d = 0 is given plane Let (x’, y’, Z’) is the
image point. then
o (@) X" =X, = Aa, y' =y, =Ab, z—z =AC
- = X" =Aa + X,, y’=Kb+y1, 2’ =AC+ 2,
o] X'+ X 4 Z+z
Qo (b) a( 21j+b(y 2y‘j+c( 21]=o
$ from (i) put the values of x’, y’, z" in (ii) and.get the values of A and resubtitute in (i) to get
(’) (X/ y/ Z,).
% The coordinate of the image of point(x,, y,, z,) w.r.t the plane ax + by + cz+d="0-are given
Q_) by X=Xy _ Y'Yy _ Z-z4 _ o (axy+by; +cz,+d)
o) a b c a®+b%+c?
- (v) The distance between two parallel planes ax + by + cx + d =0and ax + by + cx +d’ =0 is
m U
= el
given by /az I
Example : Find the'image of the point'P (3, 5, 7) in the plane 2x + y + z =.16.
Solution Givenplaneis2x+y+z=16..— (... (1)
P=(8,5,7)
.CD. Direction ratios of normal to plane (1) are2, 1,1
= Let Q be the image of point P in plane«(1). Let PQ meet plane(1)in R
n then PQ 1 plane (1)
O Let R=(2r+3,r+5,r+7)
o Since R lies on plane (1)
= 22r+3)+f+5+r+7=0 or, 6r+18=0 . r=-3
= R=(-3,2,4)
O Let Q = ((X, B’ ’Y)
= Since Ris the middle point of PQ
() o+3
% -3 = 2 = o=-9
X B+5
[S) 2= "—" = B=-1
c 2
7
D>i 4= = y=t L Q=(=9,-1,1).
O Example : Find the distance between the planes 2X —y+2z=4and 6x — 3y + 6z = 2.
2 Solution Given planes are
(d)) 2x-y+2z-4=0 .. (1)
Ne) and 6x-3y+6z-2=0 . (2)
© . ay by ¢y
O We find that P Hence planes (1) and (2) are parallel.
[ 2 2 2
= . 2
@) Plane (2) may be written as 2x —y + 2z — 3= o ... (3)
(@] Required distance between the planes
LL 2
LUl 4-=
o0 _ 3l _10_10
T V22 (-1)2+22 33 9
Example : A plane passes through a fixed point (a, b, ¢). Show that the locus of the foot of perpendicular

to it from the origin is the sphere x2 + y2+ zZ2—ax—-by —cz=0
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Solution Let the equation of the variable plane be

0(0, 0, 0)
=
3 |
@' P((X, B1 Y)
© /X +my+nz+d=0 (1)
< Plane passes through the fixed point (a, b, ¢)
2 : fa+mb+nc+d=0 . (2)
%) Let P (a, B, v) be the foot of perpendicular from origin to plane (1).
ﬂ>j Direction ratios of OP are
U) a-0,p-0,y-0 ie. o, B,y
- From equation (1), it is clear that the direction ratios of normal to the plane i.e. OP are ¢/, m, n ;
-ES' o, B, yand ¢, m, n are the direction ratios of the same line OP
= o _B_x_1
. T m STk (say)
{=ko,m=kB,n=ky .. (3)
Puttmg the values of
¢, m, nin equation (2), we get
o kao + kbp + key+d=0 ... (4)
Smce o, B, yliesin plane (1)
- . Z(x+mB+ny+d o (5)
o Puttmg the values of £, m, n from (3) in (5), we get
o k(x2+k[32+k72+d=0 ..... (6)
n or ko2 + kP2 + ky? — kaa — kbp — kcy = 0
8 [putting the value of-dfrom (4) in (6)]
or o2+ B2y y¥P—ao=bp-cy=0
% Therefore, locus of foot of perpendicular P (e, B, y) is
- X2 +y?+z2—ax—-by-cz=0 | . ... (7)
O self practice problems:
g 1. Find the‘intercepts of the plane 3x + 4y — 7z = 84 on the axes. Also find the length of perpendicular
o) from origin to this line and direction cosines of this normal.
— 3 4
> Ans. = 28, 21,c=—-12;p=
0- 21,0 4~ 2= v o
2 Find : (|) perpendicular distance
(i), foot of perpendicular
. (iii) image of (1, 0, 2) inthe plane2x +y+z=5
9 L (4 143 (517
D Ans. (i) % (ii) 36 6 (iii) 3'3'3
-8 14. Angle Between Two Planes:
(i) Consider two-planes ax + by + cz + d = 0 and a’x + b’y + ¢’z + d” = 0. Angle between these
= p y y g
E planes isthe angle between their normals. Since direction ratios of their normals are (a, b, c)
and (a’, b, ¢”) respectively, hence 0, the angle between them, is given by
9 bb
“— aa'+bb'+cc'
q) e = ' ' '
% cos \/a12+b2+c2 \/a12+b2+c2
X i i , a c
% Planes are perpendicular if aa” + bb” + cc” = 0 and planes are parallel if ; =E =E
ol L
. - n,.n
%\ (i) The angle 6 between the planes T.n =d, and r.1N, =d,is given by, cos 6 = ﬁ
n n
S 1% 2
) Planes are perpendicular ifii, . i, = 0 & planes are parallel if i, =An,.
© 15. Angle Bisectors
@© (i) The equations of the planes bisecting the angle between two given planes
g ax+by+cz+d =0andax+b,y+c,z+d,=0are
= ax+by+ciz+d, | a,x+b,y+c,z+d,
S JaZ b2 42 JaZ b2+
L (i) Equation of bisector of the angle containing origin: First make both the constant terms positive.
IﬁlzJ Then the positive sign in axtby+cz+d, a2x+b2y+czz+d2 gives the bisector of
LL a12+b12+cf \/a2+b2+02

the angle which contains the origin.
(i) Bisector of acute/obtuse angle: First make both the constant terms positive. Then
aa,+bb,+cc,>0 = origin lies on obtuse angle
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aa,+bb,+cc,<0 = origin lies in acute angle
16. Family of Planes
(i) Any plane passing through the line of intersection of non—parallel planes or equation of
the plane through the given line in serval form.
ax+by+cz+d =0 & ax+by+cz+d,=0is
ax+by+cz+d +k(ax+b2y+cz+d) 0

(i) The equation of plane passing through the intersection of the planes f.ﬁl =d, &

1

T.h, =d, isT.(n, + AN,) =d, + Ad, where A is arbitrary scalar

Example : The plane x —y — z = 4 is rotated through 90° about its line of intersection with the plane
X + Yy + 2z = 4. Find its equation in the new position.
Solution Given planes are
X—-y—-z=4 . (1)
and X+y+2z=4 . (2)

Since the required plane passes through the line of intersection of planes (1) and (2)
its equation may be taken as
X+y+2z-4+k(x—-y—2z-4)=0

or (1+Kx+(1-Ky+(2-klz—4-4k=0 ... (3)

Smce planes (1) and (3) are mutually perpendicular,
(1+k)—-(1-k)—-(2-k)=0

2
or, 1+k-1+k-2+k=0 or, k=§

2
Putting k = 3 in equation (3), we get,

5% +y + 4z = 20
This is the equation-ofthe required plane.

Example : Find the .equation of the plane through the point (1, 1, 1) which passes through-the line of
intersection of'the planesx +y + z=6 and2x + 3y + 4z + 5 = 0.
Solution Given planesare
X+y+z=-6=0 T (1)
and 2x+3y+4z+5=0 L L. (2)

Given pointis P (1,1, 1).

Equation of any plane through the line of intersection of planes (1) and (2) is
X+y+z—-6+ki(2x+8y+4z+5)=0 ~ ... (3)

If plane (3) passes through point.Pthen

1+1+1-6+k(2+3+4+5)=0 or k =

From (1) required plane is
20x + 23y + 26z -69 =10
Example : Find the planes bisecting the angles between planes
2x+Yy + 2z =9and 3x —4y+ 12z + 13 = 0.
Which of these bisectorplanes bisects the acute angle between the given planes. Does origin lie in the
acute angle-orobtuse angle between the given planes ?
Solution Given planes are
-2x-y-2z+9=0 .. (1
and 3x—-4y+12z+13=0 .. (
Equations of bisecting planes are

—-2Xx-y—-2z+9 4 3x—-4y+12z+13

V=22 4 (-2 +(=2)2 432 +(-4)2 +(12)°
or, 183[-2x -y -2z +9] =3 (3x—4y + 12z + 13)

or, 35x+y+622=78, ... (3) [Taking +ve sign]
and 17x + 25y — 10z = 156 ..... (4) [Taking —ve sign]
Now a,a,+b,b, +cc_ -2)3)+(-1) (-4 +(-2)(12)

6+4-24=-26<0
B|sector of acute angle is given by 35x + y + 62z = 78
a,a,+ b,b, + c,c, <0, origin lies in the acute angle between the planes.
Example : If'the planes X — cy bz=0,cx—-y+az=0andbx + ay —z = 0 pass through a straight line,

then find the value of a2 + b? + c2 + 2abc.
Solution Given planes are
X—-¢cy—-bz=0 . (1)
cX-y+az=0 . (2)
bx+ay-z=0 . (3)

Equation of any plane passing through the line of intersection of planes (1) and (2) may be taken as
X—cy—bz+A(cx—-y+az)=0
or, X(1+Ac)—-y(c+A)+z(-b+ak)=0..... (4)
If planes (3) and (4) are the same, then equations (3) and (4) will be identical.
1+cA  —(c+A) -b+al
b a -1
(i) (i) (iif)

From (i) and (ii), a + acA = —bc — bA
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(a+bc)

Vh2 £K2 4 12 , Vh2 +K2 4 12 ’ Vh2 +K2 42
Since OP is normal to the plane, therefore, equation of the plane will be,
h X+ K y+ £ z=+vh? +k2 + /2
V2 4k2 42 Jn24k2 402 Jh2 +K2 4 2
or, hx + ky + iz=h2+ K2+ 2=p2 .. (1)

2 2 2

P p P

= ;0,0 -10,—,0 =10, 0,
A:[h ],B_( ” ],C_( z]

Now area of AABC, A=A? +A? +AZ
NowA, = area of projection of AABC 6n xy-plane = area of AAOB

2

or, A=— (ac+b) (5)
= From (ii) and (iii),
o) , (ab+c)
o cC+A=—ab+a* or A= 1—a2 (6)
% From (5) and (6), we have,
c —(a+bc) —(ab+c)
(?) ac+b (1-a?)
~ or, a- a®+ b2c: - a22bc =3a2b02+ ac? + ab? + bc
%J) 8::: Sbe 52 E3-C:02++agat;-ca= 41-.a Pe-a=0
C Self practice problems: o c
"CE' 1. A tetrahedron has vertices at O(0, 0, 0), A(1, 2, 1), B(2, 1, 3) and C(-1, 1, 2). Prove that the angle
19
2- between the faces OAB and ABC will be cos™ [E .
% 2. Find the equation of plane passing through the line of intersection of the planes 4x —5y —4z =1 and
10
o3 2x +y + 2z = 8 and the point (2, 1, 3). Ans. 32x—5y+82—83=0,%=?
3. Find the equations of the planes bisecting the angles between the planes
£
o X+2y+2z2—-3=0, 3x + 4y + 12z + 1 = 0 and sepecify the plane which bisects the acute angle
o between them. Ans. 2x +7y—5z=21,11x+ 19y + 312 =18; 2x + 7y — 5z = 21
- 4, Show that the origin lies in the acute angle between the planes
8 X+2y+2z-9=0and4x -3y + 122+ 13=0
o > Prove that the planes.12x — 15y + 16z —28 = 0, 6x+4 6y —7z—8 =0 and 2x + 35y —39z + 12 =0 have
D a common line of intersection.
© 17. Area of a triangle:
@)
(xj Let A (xsY,, Z,), B(X,, ¥, Z,), C (X,, ¥, Z,) be the vertices of a triangle, then A = 1/(AZX +A2y +A22)
|9 yi 7z 1 1Z1X11 X, y; 1
: 1
where A, == Y2 % U A="2 % 1fland A= | %, 'y, 1
Y3 73/ 1 z; X3 1 X3 y; 1
-
.CD. Vector Method — From two vector XB and AC . Then areaiis given by
= 1 ] k
8 1 - - 1
o E |'AB XAC|=E Xo=XpYo=™Y1 2277
= X3—X; Y3—VYy Z3—Z
374 37V 4374
& Example : Through a point P (h, k, /) a plane is drawn at right angles to OP to meet the co-ordinate axes in A,
(@] 5
— B and C. If OP = p, show that the area of AABC is ohki
o
% Solution OP = Jh24Kk2 402 =p
RV Direction cosines of OP are
3 h k /
o
>
©
-}
)
wn
©
©
9o
c
=
o
()
L
L
o
L

pT 0 1
1 p? 1p
_Modof2 0 o 1 = 2 hk|
0 0 1
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©

(i)

(i)

(iii)
(iv)

—_
<
~—

(vi)

Note:

’
Similarly, Ayz= EM x= 217 |
1p° 1p° 1p
4h%k> 4K%% 4/%n?
8 10 5
P e . P P
= anzkez (SR = e oL A= ki
Volume Of A Tetrahedron:

Volume of a tetrahedron with vertices A (x,, y,, 2,), B( X,, ¥,, Z,), C (X, ¥, Z;) and

A% =

X,y oz 1
Xy Yo Zp 1
D (x,,y,,z,) isgiven byV=g X; y; z3 1

Xy Yo 24 1

A LINE

Equation Of A Line
A straight line in space is characterised by the intersection of two planes which are not parallel and
therefore, the equation of a straight line is a solution of the system constituted by the equations of the
two planes, a,x + b,y + ¢,z + d, = 0 and a,x + b,y + +c,z + d,=0. This form is also known as non—
symmetrical form.
X—X
The equation of aline-passing through the point (x;, y,, z,) and having direction ratios a, b, cis .
Y-Y1 Z-7Z . . . . S

= . ° r. This form is called symmetric form. A generalpoint onthe line is given by (x, +
ary, + br, z + er).
Vector equation: Vector equation-of a-straight line passing through a fixed point with position
vector 3 and parallel to agiven vectorb ist =a + Ab where Aisa scalar.
The equation of the line passing through the points (x,, y,, z,) and (X,, y,, Z,) is

X=X Y™V _ 274

X=X Yo~ Y1 L2t h
Vector equation of a straight line passing through two points with position vectors a &b
is i =d +A(b—a)
Reduction-of cartesion form of equation of a line to vector form & vice versa

X=X y—-y Z—17 R ~ R R ~ R

al= b1= Cl = =i +y,j+z,R)+A(@] +bj+cp).

Straight lines parallel to co-ordinate axes:
Straight lines Equation Straight lines Equation
(i) Through origin y = mx, z = nx (v) Parallel to x—axis y=p,z=q
(ii) X—axis y=0,z=0 (vi) Parallel to y—axis x=h,z=q
(iii) y—axis x=0,z2=0 (vii) Parallel to z—axis x=h,y=p
(iv) z—axis x=0,y=0

Example : Find the equation of the line through the points (3, 4, —7) and (1, — 1, 6) in vector form as well as in

cartesian form.

Solution Let A=(3,4,-7),B=(1,-1,6)

N -

- - -
Now a=0A =30 +4j -7k,

- — - - -
=b=0B=i -] +6k
. . - N ) - N N 5
Equation of the line through A(a )andB(p ) is r=a+t(b —a)
- - 2 - - 2 -
or r =3i +4)] -7k +t(-2i -5] +18k) ... (1)
Equation in cartesian form :
Equai AB X-3 y-4 z+7 X-3 y-4 z+7
quation o IS o =41 "7 6 of, 5 5 _13
, , , . x-1 y+2 z-3 o )
Example : Find the co-ordinates of those points on the line 5 ~ 3 & which is at a distance of

3 units from point (1, -2, 3).
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x-1 y+2 z-3

Solution Givenlineis > 3 6 (1)
Let P=(1,-2,3) Direction ratios of line (1) are 2, 3, 6
23
- Direction cosines of line (1) are 277
Equation of line (1) may be written as
x-1 y+2 z-3
"8 -6 (2)
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2.

Example :

1.

7 7 7
Co-ordinates of any point on line (2) may be taken as

Er+1,§r—2,§r+3
7 7 7

2 3 6
=|=r-1,-r-2 -r+3
Let Q_(7 7 7 j

Distance of Q from P = | r |
According to question |[r|=3 .. r=1%3 Putting the value of r, we have

21539 213 233
Q="7"77 or Q=\"7""7"7

Example : Find the equation of the line drawn through point (1, 0, 2) to meet at right angles the line
X+1 y-2 z+1
3 -2 -1
Solution Givenlineis

X+1 y-2 z+1

3 5 i (1)
Let P=1(1,0,2)
Co-ordinates of any point on line (1) may be taken as
Q=@8r—1,-2r+2,-r=1)
Direction ratios of PQ are 3r=2,—-2r+2,—-r—-3
Direction ratios of line ABare 3, -2, — 1

Since PQ 1L AB
3(3r—2)-2(-2r+2)=1(-r-3)=0

= O—-6+4r—-4+r+3=0 = 14r=7 = r=%
Therefore, direction ratios.of PQ are
1 7
—5,1,—5 o, —1,2,—-7
Equation of line PQ.is
x—1=y:0=z—2 or x_—1=L=z—2
-1 2 -7 ’ 1 -2 7
, x-1 y-2 z-3 x-4 y-1 ) )
Show that the two lines 5 ~ 3 4 and 5 =T=zmtersect. Find also the
point of intersection of these lines.
. ) ) x-1_ y-2 z-3
Solution Given lines are 5 ~ 3 a4 e (1)
x-4 y-1 z-0
and 5 o 1 e (2)

Any pointon line (1) is P (2r + 1, 3r + 2, 4r +3)
and any pointonline (2) is Q (51 + 4, 24 + 1, A)
Lines (1) and (2) will intersect if P and Q coincide for some value of A and .

2r+1=50+4 = 2r-5A=3 ... (1)
r+2+2h+1 = 3r-2A=-1 ... (2)
4r+ 3 =1L = 4r-r=-3 ... (3)

Solving (1) and (2), wegetr=—1,A=—-1
Clearly these values of r and A satisfy eqn. (3)
Now P=(-1,-1,-1) Hence lines (1) and (2) intersectat (—1,—1, —1).

Self practice problems:
Find the equation of the line passing through point (1, 0, 2) having direction ratio 3, — 1, 5. Prove that

x-1 'y z-2
3 -1 5
-2 y+1 z-7
3 19

this line passes through (4, — 1, 7). Ans.

X
Find the equation of the line parallel to line

and passing through the point (3, 0, 5).
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Alternative method

a; b
If = ¢b—1 Put z = 0 in both the equations and solve the equations a,x + b,y + d; =0,a,x + by +d, =0

otherW|se Puty =0 and solve the equations a,;x+¢ z+d, =0and ax+¢c,z+d, =

the symmetric form.

Solution Given planes are 4x + 4y=5z-12=10

and 8x +12y —-132-32=0

Let ¢, m, n be the direction ratios of the line of intersection :
then 4/ +4m-5n=0

and 8/ +12m -13n=0

Let/,,m,n and/, m, n,be the direction cosines of lines (1) and (2) respectively

Example : Find the equation of the lineof intersection of planes 4x +4y -5z =12, 8X + 2y —-13z=32in

¢ __m __n L_m_n L_m

—52+60 -40+52 48-32 g 12 16 273
Hence direction ratios of line of intersection are 2, 3, 4.
Here 4 # 0, therefore line of intersection is not parallel to xy-plane.
Let the line of intersection meet the xy-plane at P («, B, 0).
Then P lies on planes (1) and (2)
. 4o +4p+12=0
or, o+p-3=0 . (5)
and 8a+12-32=0
or, 20+3-8=0 . (6)
Solving (5) and (6), we get

« __ B __f .o« B2
"8+9 -6+8 3-2 on 1 2 1
a=1,p=2
x—1 y—2 z—O
Hence equation of line of intersection in symmetrical form is > 3 4
Example : Find the angle between the linesx —3y—-4=0,4y—-z+5=0and x +3y—11=0,2y—z+ 6 = 0.
Solution Givenlines are
Xx-3y-4=0
Al (1)

4y-z+5=0

x+3y-11=0
and 2y-z+6=0 . (2)

Ans. =T =
3 1 3
3. Find the coordinates of the point when the line through (3, 4, 1) and (5, 1, 6) crosses the xy plane.
18 23
Ans. 5°' 5"
20. Reduction Of Non-Symmetrical Form To Symmetrical Form: N
Let equation of the line in non—symmetrical formbeax+by+c,z+d =0, ax+by+c,z+d o
To find the equation of the line in symmetrical form, we must know ( ) its direction ratlos coordznate g
of any point on it. —
(i) Direction ratios: Let ¢, m, n be the direction ratios of the line. Since the line lies in both the 8)
planes, it must be perpendlcular to normals of both planes. So a/ + bm +¢cn =0, @
a,l + b,m + c,n = 0. From these equations, proportional values of /, m n can be found by @
iolicat l m n
cross—multiplication as = =
P bjc,—bye;  cja,—ca;  ab, —asb,
i j ok
Alternative method Thevector |8 by ¢4 =i(b,c,—b,c,) +j(c,a,—c,a,) +k(a,b,—a,b,) will be parallel
a, by, ¢;
to the line of intersection of the two given planes. hence ¢:m:n = (b,c,—-b,c,): (c,a,-c,a,):
(a.b,—ab,)
(ii1) ? I2301int on the line — Note that as ¢, m, n cannot be zero simultaneously, so at least one must
be non—zero. Let a,b, —a,b, # 0, then the line cannot be parallel to xy plane, so it intersect it.
Let it intersect xy—plane in (x,,y,, 0). Then a;x, + by, +d, =0 and ayx, + b,y, + d, = 0.Solving
these,we get a point on the line. Then its'equation becomes.
_bidy =bod, | djay —diay
blc2 _b2C1 C1a2 _C2a1 ale _azbl blC2 - b2C1 Cla2 —Czal a1b2 —a2b1
Note: If 7+ 0, take a point on yz—plane as (0, y;; z,) and if m # 0, take‘a point on xz—plane as (x;, 0, z,).
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line (1) is perpendicular to the normals of each of the planes
x—3y—4=0and4y-z+5=0

: (,-3m +0n =0 L. (3)
and 0/ + 4m - n1 =0 . (4)
Solving equatlons( ) and (4), we get,
(4 m N ly_my Ny
3-0 - 0—(-1) 4-0 on Ty T k(e =~
Since line (2) is perpendicular to the normals of each of the planes :
X+3y—-11=0and2y—-z+6=0, S
{,+3m,=0 (5) ®
and 2m - n =0 (6) ©
‘2 2
l,=—3m, or, 3= m, o
Ny
and n,=2m, or, o = m,.

Lo _Mg _Ny
T3 5 = t (let).
If 8 be the angle between lines (1) and (2), then
C0sH = €€f+m m +nn3
= Kk
=—9kt+kt+8kt= 0 =90°.
Self practice problems:
) 1. Find the equation of the line of intersection of the plane
4x + 4y — 5z = 12
-1 -2 -0
8x + 12y=137 = 32 Ans. | = =y3 =Z4

2
Show that the.angle between the two lines defined by the equations x = y and'xy + yz + zx =Q is

1
| —
Ccos (3)

Prove that the three planes 2x+y -4z2=17 =0, 3x + 2y =22—-25 =0, 2x -4y + 3z + 25 = O intersect
at a point and find its co-ordinates. Ans. (3,7,-1)

3.
: 21, Foot, Length And Equation Of Perpendicular From A Point To A Line:

Xx—a~ y—-b z-c

N

(i)Cartesian form: Let equation of the line be "AN o ¥V o G r(say) ......... (1)
and A (@, B, ) be the point.
Any pointon line (i)isP (/r+a, mc+b,nr+c) < . ... (i)

If it is the foot of the perpendicular from A on the line, then AP is perpendicular to the line. So 7 (¢r + a— o) +
mmr+b—B)+n{nr+c—7y)=0ie.r=(¢—a) ¢+ (B—b)m+(y—c)n since /2 + m?+ n2 = 1. Putting this
value of rin (ii), we get the foot of perpendicular from point A on the given line. Since foot of perpendicular P is

known, then the length of perpendicular is given by AP =\/(£r+a—0c)2 +(rnr+b—[3)2 +(nr+c—\()2 the

X—0 y-B z-y
equation of perpendicular is given bym = mr+b—p = nrtc—y

(ii) Vector Form: Equation of a line

passing through a point having position vector g and perpendicular to the linest =a, + 7»61 andr =a, + 7»132

is parallel to Bl X Bz. So the vector equation of such a lineisT =& + A (b, X b,). Position vectorB of the

2@-a). b

e }b O.. Position vector of -

image of a pointg in astraightliner =3 +Abis givenbyp =2a — {
@—0). b

the foot of the perpendicular on lineisf =a —{ e }B.The equation of the perpendicularist =ao + W

oo {4
Ibl

22. To find image of a point w. r. t a line

X=X - z-2
LetL= 2 Y V2 2 isagiven line
a b c

Let (x’, y’, 2') is the image of the point P (x,, y,, z,) with respect to the line L. Then
(i) a(x,—=x)+b(y,-y)+c(z,-2)=0
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X1+ X x yi+y z,+72

-z
(i) 2 2 __2 V2 =_ 2 2 _ A
a b c
from (ii) get the value of X', y’, z’interms of A as
X" =2ak +2x,—X,, Y’ = 2bo - 2y, - Y,
z' = 2Ch + 22 - z
now put the values of x’ ,y’, 2" in (i) get A and resubtitute the value of A to to get (x" y” Z').
. . oo x+1 y-3 z+2
Example : Find the length of the perpendicular from P (2, — 3, 1) to the line > = 3 = 1
) , o x+1 y-3 z+2
Solution Givenlineis = == (1)
2 3 -1
P=(2,-3,1)
Co-ordinates of any point on line (1) may be taken as
Q=(2r—1,3r+3,-r-2)
Direction ratios of PQare 2r—3,3r+6,—r—3
Direction ratios of AB are 2, 3, — 1
Since PQ | AB
: 2(2r-3)+3(3r+6)—1(-r—-3)=0
o,  14r+15=0 : L
, + = .. =12
22 -3 -13 531 .
QE(7 12’ 14j PQ = Wunlts.
Second method : Givenline is
X+1 y-3 z+2
2 3 >1 P(2,=3,1)
P=(2,-3,1)
1
Direction ratios of line (1) are \/— \/— , \/—
RQ'= length of projection of RP on AB A R Q B
2 3 1 15 (-1,3,-2)
- =@+ +—=(-3-3)——=(1+2)|=—
Jia iz 74 Jia

PR2=3%+ 6%+ 3%2=54

205 / [531
= JPRZ-RQ? = \/54__=\/W

Self practice problems

Xx-=11_ y+2 z+8
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1. Find the length and foot of perpendicular drawn from point (2, —1, 5) to the line 0 - 4 —11-
Also find the image of the point in the line. Ans. . /14,N=(1,2,3),1=(0,5,1)
X -1 z-2
2. Find the image of the point (1, 6, 3) in the line T:yT:T' Ans. (1,0,7)
; . . x-15 y-29 z-5
3. Find the foot and hence the length of perpendicular from (5, 7, 3) to the line 3 8 -5 -
) ) ) x-5 y-7 z-3
Find also the equation of the perpendicular. Ans. (9,13,15); 14; > = 3 = 6
23. Angle Between A Plane And A Line:
. : . X=X Yoy, 2—7Z
(i) If O is the angle between line 7 S m - & and the plane ax + by + cz + d = 0, then
) al/+bm+cn
sinB =
\/(a2+b2+cz) \/152+m2 +n?
, . . } _ b.ii
(i) Vector form: If 0 is the angle between aline; = (3 +Ap)and; .5 =dthensin 0 = T
n

b Xii =
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o |3

m
(iii) Condition for perpendicularity ; =? =

=7
1]
o

(iv) Condition for parallel al +bm+cn=0 b.-
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24. Condition For A Line To Lie In A Plane

X=X, Y=N 277

c (i) Cartesian form: Line m - n would lie in a plane
8 ax +by +cz+d=0,ifax, + by, +cz, +d=0&al+bm+cn=0.

o) (i) Vector form: LineT =4 + Ab would lieinthe planeT .1 =dif b.4 =0&4.1 =d
g__U 25. Coplanar Lines:

- X—0 - z— X—0 B z—v
N (i) If the given lines are Y b . | and—— = 2 B = .Y , then condition
n>3~. l m n l m n
%) a-o' B-p" y-v
e
"CB' for intersection/coplanarity is| ¢ m n | =0 & plane containing the above
2_ l m' n'

x—o y—p z-y

% two lines is| { m n|=0
06 é' ml nv
- (i) Condition of coplanarity if both the lines are in general form Let the lines be
8 ax+by+cz+d=0=ax+by+cz+d &

5 ox +Py+yz+0=0=0x+Py+7yz+9d
8 a b ¢ d
% a b ¢ d
- They are coplanar if =0
% o B y o
x al BV ,Yl 8!
|9 i j k

% Alternative method: get vector along the line of shortest distance as U

o mn
Now get unit vector along this vector

@ 0 =i+ mj+nk
= Let, v =(a-a)i+(B=B)]+(-Y)
8 S.D. =u.v

O Example : Find the distance of the point (1, 0, — 3) from the plane x —y —z = 9 measured parallel to the
= X—2 y+2 z-6

line = = .

- 2 3 -6
e Solution Givenplaneisx-y-z=9 ... (1)
- : , . X-2 y+2 z-6

() Givenline AB is 5 3 & e (2)
cxog) Equation of a line passing through the point Q(1, 0, — 3) and parallel to line (2) is

x-1 'y z+3
O _—-—— —
o > s~ _¢ =F e (3)
o Co-ordinates of point on line (3) may be taken as

> P(@r+1,3r,—-6r-3)
© If P is the point of intersection of line (3) and plane (1), then P lies on plane (1),
-] er+1)—(3r—-(-6r-3)=9
) r=1
5 or, P=(3,3,-9)

o] Distance between points Q (1, 0,—3)and P (3, 3, - 9)

2 PQ = (3-1)2+(3-0)2+(-9-(3))> = J4+9+36 =7

= B
o
- Q(1,0,-3)

o /
A
i 7

P

x+3 -1 z-2
Example: Find the equation of the plane passing through (1, 2, 0) which contains the line 3 = y4 = o
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Solution Equation of any plane passing through (1, 2, 0) may be taken as
a(x-1)+b(y-2)+c(z-0=0 .. (1)
where a, b, ¢ are the direction ratios of the normal to the plane. Given line is

X+3 y-1 z-2

3 1 o e (2)
If plane (1) contains the given line, then
3a+4b-2¢=0 L. (3)
Also point (-3, 1, 2) on line (2) lies in plane (1)
a(-3-1)+b(1-2)+c(2-0)=0
or, -4a-b+2¢c=0 L. (4)
Solving equations (3) and (4), we get,
a _ b __¢
8-2 8-6 -3+16
a_b_c 5
or, 6 2 13 - (say). L. (5)

Substituting the values of a, b and c in equation (1), we get,
6(x—1)+2(y-2)+13(z-0)=0.
or, 6x + 2y + 13z — 10 = 0. This is the required equation.

-1 1 -3

Example : Find the equation of the projection of the line X2 = y_+1 =Z 4 ontheplanex +2y +z=09.
Solution A— 1P

Let the given line AB be :

x-1 y+1 z-3

5 T T4 e (1)
Given plane is i
X + 2y +z=9 « . (2) D C

Let DC be the projection of AB on plane (2)
Clearly plane’ABCD is perpendicular to plane(2).
Equation.of any plane through AB may be taken as (this plane passes through the point (1, — 1, 3).on

line AB)

ax—-1)+b(y+1)+e(z=38.=0 ... (3)
where 2a-b+4c=0 .~ . L (4)

[~ 'normal to/plane (3)is.perpendicular to line (1)]

Since plane (3) is perpendicular to_plane (2),
a+2b+c=0 ... (5)
Solving equations (4) & (5), we get;

a_b_ge

-9 2 5

Substituting these values of.a, b and c in equation'(3), we get
9(x—1)-2(y+1)-5(z-3)=0
or, 9 -2y -5z+4=0 ... (6)
Since projection DC of AB on plane (2) is the line of intersection of plane ABCD and plane (2), therefore
equation of DC will be

I9x-2y-5z2+4=0 ... (i)
and X+2y+z-9=0 ... @, (7)
Let 7, m, n be the direction ratios of the line of intersection of planes (i) and (ii)
9¢-2m-5n=0 .. (8)
and (+2m+n=0 .. (9)
¢ m _n
-2+10 -5-9 18+2
) x-3 y+1 z+2 X-7 'y z+42 )
Example : Show that the lines 5~ _3 1 and T3 1 o are coplanar. Also find the
equation of the plane containing them.
Solution Given lines are
Xx-=3 y+1 z+2 ’
5 3 7 =T (say) ... (1)
q X—7 _y _z+7 R 5
an 3 4 5 = (say) ... (2)

If possible, let lines (1) and (2) intersect at P.

Any point on line (1) may be taken as
(2r+3,—-3r—1,r—2) = P (let).

Any point on line (2) may be taken as
(-3R+7,R,2R-7) = P (let).

2r+3=—-3R+7

or, 2r+3R=4 . (3)

Also -3r—-1=R

or, -3r-R=1 . (4)
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and r-2=2R-7
or, r-2R=-5. . (5)
Solving equations (3) and (4), we get,

2

g Clearly r - 1,’ R = 2 satisfies equation (5).
o Hence lines (1) and (2) intersect. lines (1) and (2) are coplanar.
S Equation of the plane containing lines (1) and (2) is
(0] Xx-3 y+1 z+2
e
S 2 -3 1] 2 0
w -3 1 2
o o, (x=38)(=6-1)—(y+1)(4+3)+(z+2)(2-9)=0
) or, - 7x=-3)-7(y+1)-7(z+2)=0
c or, x=3+y+1+z2+2=0 of, X+y+2z=0.
-'CB' Self practice problems:
= , , . x-2 y+3 z-6 . _
- 1. Find the values of a and b for which the line =Ty T, s perpendicular to the plane
3x -2y +bz+10=0. Ans. a=3,b=-2
, x-1 y-2 z-3 x-2 y-3 z-4 ) )
2. Prove that the lines 5 3 3 and 3 ~ 4 5 e coplanar. Also find the equation
oé of the plane in which they lie. Ans. x-2y+z=0
o : o . x-2 y-3 z-4 X+l y—-1 —z+1
O 3. Find the plane containing the line > = 3 = & and parallel to the line e Y
g))' Ans. 13x+3y-72-7=0
% 1 2 3 x-4 1
X— - z- - —
« 4 Show that the line 5 T y3 =2 & 5 = y2 = z are intersecting each other. Find thire
O intersection’and the plane containing the line. " Ans. (-1, =1;=1) &5x -8y + 11z=2=0
o
_q»cJ 5. Show.that the lines 7 = (—§ —3] -5k )+ A (37 =5] —7K)& 7 (2] 4] +6k)+u(i +4]+7k)are
= coplanar and find the planecontaining the/line. Ans. 7. (?—2]+R) =0
26. Skew Lines:
(i) The straight lines whichare not parallel and non—coplanar i.e:.non—intersecting are called
o—ou B=p =y
9 skew lines. If A =| / m n’ | # 0, then lines are skew:
-a ZV ml nl
8 (i) Shortest distance: Suppose the equation of the lines are
= Xx=Oo y-B zoy x-d_y-p_z-y
= /  m n 4 m' n'
O sp . (@—a) (mn—m'n)+P-f) ml-n'H)+(y=y) (fm—L'm)
— D. =
() (mn'—m'n)*
o b
S o-o BB Y-y
% |/ m n +\/Z(mn’—m’n)2
o l m' n'
> - S -
'g (iii)  Vector Form: For linesa, + Ab, &4, + Ab, to be skew
_8 (iv)  Shortest distance between the two parallel linest =a, + Ab &
r =a isd=|"—"=
s 2 +Ub isd Bl
© Example : Find the shortest distance and the vector equation of the line of shortest distance between the
o lines given by
Lu — — - — N
|5.|:J r=3r+81+3k+7{3r—j+kj and ?:—3?—7_j>+6ﬁ+u(—3_i>+27+4zj
LL Solution Given lines are

N N - - - 7
r=3r+8j+3k+7{3i—j+kj ..... (1)
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Example :

A L B
and r=—3r—7j+6k+u(—3|+21+4kJ _____ (2) 90°
Equation of lines (1) and (2) in cartesian form is
 X=3_y-8_ z—3 90/
and CDh: 3
Let = (3L +3,— A+ 8, k+3

and M—(—Su 3,2u—7, 4u+6)

Direction ratios of LM are
BA+3u+6,—A—2u+ 15 A—4u—-3.

Smce LM 1 AB

- 3BA+3u+6)—1(-A-2u+15) +1(A—4u—-3)=0

or, 1A +7u=0 ... (5)

AgamLMLCD

. -3BA+3u+6)+2(-A—-2u+15)+4 (A—-4u-3)=0

or -7A-29.-0 ... (6)

Solving (5) and (6), we get A=0,u=0

L=(3,8,3),M=(-3,-7,6)

Hence shortest distance LM = \/(3+3)2 +(8+7)2+(3-6)2

= /270 = 3./30 units

Vector equation of LM is

- — — - - - —
r=3i+8 j+3k+t(6 i+15 j—3k]
x-3 y-8 z-3

Note : Cartesian equation of LM is 6 15 . _3°

Clearly planes (i), (i) and (iii) meetat O(0, 0, 0)

Let the tetrahedron be OABC

Let the equation to one of the pair of opposite edges OA and BC be
y+z=0x+z=0 4 (1)

x+y=0x+y+z=«/§a ..... (2)
equation (1) and (2) can be expressed in symmetrical form as
x=0 _y- 0 z—0
1 1
x—-0 _y- 0 zZ- \/_a

and, =" e (4)

d.r. ofOAandBCare(1 —1)and(1,—1,0).

Let PQ be the shortest distance between OA and BC having direction cosine (¢, m, n)

PQ is perpendicular to both OA and BC.
f+m-n=0
and (—-m=0
Solving (5) and (6), we get,

Prove that the shortest distance between any two opposite edges of a tetrahedron formed by
the planesy +z2=0,x+2zZ=0,x+Vy = 0x+y+z_x/§ais\/§a.
Solution Given planes are y+z=0 " ... (i) X+z=0
X+y=0 .. (iii) x+y+z=+3a

/
S=T=2 _k(say)
1 1 2
also, +m2+n2=1 O
1
kk+k?+4k2=1 = k=ﬁ
N N 2
R £=£,m=£,n=£ B C
Shortest distance between OA and BC
i.e. PQ = The length of projection of OC on PQ 0 P A
=l (X, =x) L+ (y,—y)m+(z,-z)n| 9o
1 1 2
-0.——=+0.—=++v3a.—=| _ /24,
60 e - R o0
Self practice problems: q
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1 Find the shortest di b helines *o1=¥=2_278 | (X"2_Y-4_2°5 oiga
. ind the shortest distance between the lines > 3 4 and —3 4 5 - Findalso
1
its equation.  Ans. ﬁ 6x—-y=10-3y=6z-25
2. Prove that the shortest distance between the diagonals of a rectangular parallelopiped whose sides are
o bc ca ab
a, b, ¢ and the edges not meeting it are \/b2 o2 ’ \/02 a2 ’ \/az b2
27. Sphere: General equation of a sphere is given by x2 + y2 + z2 + 2ux + 2vy + 2wz + d =0 (—u

—v, —w) is the centre and /2 + v2 + w2 —q is the radius of the sphere.
Example : Find the equation of the sphere having centre at (1, 2, 3) and touching the plane x + 2y + 3z = 0.
1

Solution: Given planeisx + 2y + 3z =0
Let H be the centre of the required sphere.
Given H=(1,2,3)
Radius of the sphere,

HP = length of perpendicular from H to plane (1)
[1+2x2+3x3|
Equation of the required sphere is (x=1)2+(y—-2)2+(z-3)2%=

or X2+y2+2z2-2x—-4y—-6z=0
Example :

. . - — —
vector of its centre’is 31 +6 j—4k

= - - -
Solution Givenplaneis r(2i-2j-k) =0
Let H be the centre of the sphere, then

— — - - -
OH=3i+6 j—4k =c(say)
Radius of the sphere = length of perpendicular from H ot plane (1)

14

e
Find the equation of the sphere if it touches the plane -(21-2 -

| (x=3) 7 +(y—6)T F(z+4) K2 =

(p

P

/ /

N
k) =0 and the position

4
9

6x —12y + 8z + 61) =4

- =
IC (2|—2J—k)|
|2i—2j—k|
— — — - - -
[(Bi+6j-—4Kk)(2i-2 j—k)]
= — -
[2i=2 j—K|
|6-12+4 | 2
-y —5 -alsay)
Equation of the required sphere is
Ir-cl=a
- - — - - -
or |Xi+y j+zk=(3i+6 j—4Kk)|== or
o (x=3P+(y-62+(z+4)=g o 9(x+yPezi-
or 9x2 + 9y? + 922 — 54x — 108y + 72z + 545 =0
Example : Find the equation of the sphere passing through the points (3, 0, 0), (0,-1, 0), (0, 0,—2) and

whose centre lies on the plane 3x + 2y + 4z = 1

Solution Let the equation of the sphere be

x2+y2+z2+2ux+2vy+2wz+d=0

Let =(3,0,0),B=(0,-1,0),C=(0,0,-2)

Slnce sphere (1) passes through A, B and C,

. 9+6u+d=0

1-2v+d=0
4-4w +d=0

Since centre (— u, —v, — w) of the sphere lies on plane

3X+2y +4z=1
—3u—-2v —-4w=1
(8) >6u+2v=-8
(3)—(4) >—-2v+4w=3
—-2v-8
From (6), u = 6

From (7), 4w =3 + 2v

(2)
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Putting the values of u, vand win (5), we get
2v+8

-2v—-3-2v =1
= 2v+8—-4v—-6-4v=2= v=0
0-8__4
From (8), U="%6"~"3
3
From (9), 4w =3 W=

From(3),d=2v-1=0-1=-1
From (1), equation of required sphere is

x2+y2+22—ﬂ—§x+§z—1=0
6 3 2

or 6x2 + 6y + 622—16x + 9z -6 =10

Example :

Find the equation of the sphere with the points (1, 2, 2) and (2, 3, 4) as the extremities of a diameter.
Find the co-ordinates of its centre.

Solution
Let A=(1,2,2),B=(2, 3, 4)
Equation of the sphere having (x,, y,, z,) and (x,, y,, Z,) as the extremities of a diameter is
(X—X)(X X,) + (Y — y)(y y,) + (Z—Z)( z)=0
Herex_1x ,y_2 ,2,=2,2,=4

requwed equat|on of %he sphere is

(x=1)(x=-2)+(y=2)(y-3)+(z-2)(z-4)=0
or X2 +y2+22—-3x—-5y—-62+16=0
Centre of the sphere is middle point of AB

3 5 3
Centre is 25"

Self practice problems:

1. Find the value of k for which the plahe x + y.+ z = 4/3k touches the sphere
X2 ¥y2+722-2x =2y -2z -6 =0:
Ans. 3 +3
2. Find the equation to the sphere passing through (1, — 3, 4), (1, =5, 2) and (1, — 3, 0) which has its

centre in the planex +y +z =0
Ans. xZ2+y2+22-2x +6y=4z+10=0

3. Find the equation of the sphere having centre on the line 2x —3y = 0, 5y + 2z = 0 and passing through
the points'(0, =2, -4) and (2, — 1, — 1).
Ans. x2+y2+22—6x—4y+ 10z +12=0

4, Find the centre and radius of the circle in which the plane 3x + 2y —z—7 /14 = 0 intersects the sphere
X2 +y2+ 22 = 81.
Ans. 4.2 units

5. A plane passes through a fixed point (a, b, ¢) and cuts the axes in A, B, C. Show that the locus of the
centre of the sphere OABC is
a b c
X'y z°= 2.
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